The recent computation on the full threshold contributions to Higgs boson production at nextto-next-to-next-to-leading order (N 3 LO) in QCD contains valuable information on the soft gluons resulting from virtual and real emission partonic subprocesses. We use those from the real emissions to obtain the corresponding soft gluon contributions to Drell-Yan production and determine the missing δ(1 − z) part of the N 3 LO. The numerical impact of threshold effects demonstrates the importance of our results in the precision study with the Drell-Yan process at the LHC. Here m H , m l + l − , andŝ are the mass of the Higgs boson, invariant mass of the dileptons and center of mass energy of the partonic reaction responsible for production mechanism, respectively. Note that the finite mass factorized threshold contribution to the inclusive production cross section is expanded in terms of δ(1 − z) and D i (z), where
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The δ(1 − z) part of N 3 LO threshold contribution was not known until recently because of the lack of information on the complete soft contributions coming from real radiation processes, while the exact two- [14] and threeloop [9] quark and gluon form factors and NNLO soft contributions [15] to all orders in are already known. The full threshold N 3 LO result for Higgs boson production has now become reality due the recent computation by Anastasiou et al. [16] who have computed all these soft effects resulting from gluon radiations, which constitute the missing part. In this Letter, we investigate the impact of these soft gluon contributions on the δ(1 − z) part of the N 3 LO to DY production. This completes the full N 3 LO threshold contribution to DY production. The production cross section of a heavy particle, namely, a Higgs boson or a pair of leptons at the hadron colliders can be computed using
whereŝ = x 1 x 2 s, s is the hadronic center of mass energy, andσ I ab is the partonic cross section with initial state partons a and b. I = g for Higgs boson production with q 2 = m 2 H and I = q for DY production with invariant mass of the dileptons being q 2 . µ F is the factorization scale. The threshold contribution at the partonic level, denoted by ∆
where µ R is the renormalization scale, the dimensionless variable z = q 2 /ŝ, and
is a finite distribution. The symbol C implies convolution with the following expansion
Here ⊗ means Mellin convolution and f (z) is a distribu- tion of the kind δ(1 − z) and
where µ is the scale introduced to define the dimensionless coupling constantâ s =ĝ
is the overall operator renormalization constant, which satisfies
where a s (µ 2 R ) is the renormalized coupling constant that is related toâ s through strong coupling constant renormalization Z(a s (µ
. Because of the gauge and renormalization group invariance, the bare form factorsF I (â s , Q 2 , µ 2 , ) satisfy the following differential equation [17] :
where K I contains all the poles in and G I contains the terms finite in . Renormalization group invariance of
A I i 's are the cusp anomalous dimensions. Expanding the µ 2 R independent part of the solution of the RG equation [18] :
where
1 ) and β i are the coefficients of the β function of strong coupling constant a s (µ 3 ) [9] . The mass factorization kernel Γ(z, µ 2 F , ) removes the collinear singularities which arise due to massless partons and it satisfies the following RG equation :
. We find that only diagonal elements of the kernel, Γ II (â s , µ 2 F , µ 2 , z, ) contribute to threshold corrections because they contain δ(1 − z) and D 0 at every order perturbation theory while the nondiagornal ones are regular functions in z, that is, P (i)
The finiteness of ∆ SV I demands that the soft distribution function Φ I (â s , q 2 , µ 2 , z, ) also satisfies Sudakovtype differential equations [13] , namely,
. K I and G I take the forms similar to those of K I and G I of the form factors in such a way that Ψ I is finite as → 0. The solution to the above equation is found to be
R . This implies that K I,(i) ( ) can be written in terms of A I i and β i . We define
is finite as → 0, we can express G 
with
, N is the number of colors. Equation (9) implies that the entire soft distribution function for the DY production can be obtained from that of Higgs boson production. Substituting Z I , the solutions for bothF I and Φ I , and Γ II in Eq. (3), we obtain ∆ SV I in powers of a s (µ [12, 13] as the term G 
with n f being the number of light flavors and 
where, n f,v is proportional to the charge weighted sum of the quark flavors [9] . Table I for [19] .
We find that the δ contribution is almost equal and opposite in sign to the sum of the contributions from the D i s. Hence, adding the δ part reduces the pure N 3 LO SV term to 1 order in magnitude, establishing the dominance of the δ term. We have studied the effect of threshold corrections resulting from distributions such as δ(1 − z) and D i both at NLO as well as NNLO levels. In the following, we report our findings based on the numerical analysis presented in the table for two different ranges of Q, namely, Q = 200 − 900 GeV (above m Z ) and 30 − 110 GeV (below m Z ). At NLO, if we keep only the distributions and drop contributions from hard radiations coming fromand q(q)g initiated processes, we find that the resulting NLO corrected cross section is about 95% of the exact result at NLO level. Similarly, if we keep the distributions and drop all the hard radiations both in NLO terms as well as in NNLO terms, we find that the resulting NNLO corrected result [NNLO(SV)] is about 95% of the exact result at NNLO level. Hence, it is expected that the sum (N 3 LO SV ) of threshold contributions of N 3 LO terms and the exact NNLO corrected result would constitute the dominant contribution at N 3 LO level. Like NNLO terms, the threshold contributions in N 3 LO terms are also moderate and hence the perturbation theory behaves well. In Fig. 1 , we have shown the dependence of our result on the renormalization scale at various orders in perturbation theory. We have plotted
where i = NLO, NNLO, N 3 LO SV versus µ R /Q and the reduction in the scale dependence is evident as we increase the order of perturbation. To summarize, we present a systematic way of computing the threshold corrections to inclusive Higgs boson and DY productions in perturbative QCD. We have used several properties of QCD amplitudes, namely, factorization of soft and collinear divergences, renormalization group invariance and resummation of threshold contributions. For the first time we show that the recent N 3 LO soft plus virtual contribution to the Higgs boson production cross section can be used to obtain the corresponding δ(1 − z) part of DY production at N 3 LO. We also present numerical results to establish the importance of the δ term. We find that the impact of the δ contribution is quite large to the pure N 3 LO SV correction. We have also demonstrated the dominance of threshold corrections at every order in perturbation theory. We expect that the results presented in this Letter will not only be a benchmark for a full N 3 LO contribution but also an important step in the precision study with the Drell-Yan process at the LHC.
